Recently, single-cycle THz pulses have been demonstrated in the laboratory to successfully induce field-free orientation in gas-phase polar molecules at room temperature [Phys. Rev. Lett. 107, 163603 (2011)]. In this paper, we examine the maximum attainable field-free molecular orientation with optimally shaped linearly polarized near-single-cycle THz laser pulses of a thermal ensemble. Large-scale benchmark optimal control simulations are performed, including rotational energy levels with the rotational quantum numbers up to J = 100 for OCS linear molecules. The simulations are made possible by an extension of the recently formulated fast search algorithm, the two-point boundary-value quantum control paradigm, to the mixed-states optimal control problems in the present work. It is shown that a very high degree of field-free orientation can be achieved by strong, optimally shaped near-single-cycle THz pulses. The extensive numerical simulations showed that the maximum attainable J -dependent field-free orientation (equal to 0.714 for J = 60 and 0.837 for J = 100 at 100 K) in the near-single-cycle THz pulse region is close to 92% of the corresponding optimal bound that can be attained by arbitrarily long pulses. It is also found that a smaller amplitude for the optimal control field corresponds to a smaller J (e.g., ≈ 0.005 a.u. for J = 60 and ≈ 0.01 a.u. for J = 100) in the model simulations. The latter finding may underline the actual experimental performance of the field-free molecular orientation, since presently the available amplitude of single-cycle THz pulses can only reach slightly beyond 20 MV/cm (≈0.0038 a.u.).
I. INTRODUCTION
Proper control of the alignment and orientation of molecules is important in many areas of physics and chemistry, including ultrafast dynamic imaging [1] , molecular tomography [2] , electron diffraction [3] , chemical reactions [4, 5] , and high-harmonic generation [6, 7] . The theories and techniques of molecular alignment have been well developed in the past ten years [8, 9] . In particular, optimal control of molecular alignment not only helps to find the desired optimal control fields, but also minimizes the detrimental effect of dissipation due to the surrounding media [10] . The more challenging problem of orienting molecules is under intense development currently [11] [12] [13] [14] [15] [16] [17] [18] [19] . In general, high degrees of orientation can be achieved through either adiabatic or nonadiabatic processes. For example, excellent orientation for polar molecules can be achieved by a combination of dc and laser fields [11, 12] . However, the presence of the dc field may be detrimental since it can alter the desired condition of performing experiments with field-free oriented molecules. It has also been suggested that orientation can be achieved by applying two-color laser field [13] [14] [15] , half-cycle pulse [16, 17] , and few-cycle THz pulse [18] schemes. Only very recently, single-cycle THz pulses were used to attain field-free orientation in the laboratory [19] .
Most field-free orientation schemes are based on the excitation of the rotational energy states of both odd and even rotational quantum numbers [20] , in contrast to the * sichu@ku.edu prevalent schemes of aligning laser pulses that typically induce the excitation of the rotational energy states using primarily the second-order Stark dynamical couplings [21] . Theoretical studies have been performed on field-free orientation [22] [23] [24] , and several monotonically convergent quantum control algorithms have been developed for finding optimal fields at both zero and finite temperatures [25] [26] [27] [28] [29] [30] . For example, Sugny et al. proposed using a train of short pulses to control mixed-states quantum systems based on the sudden approximation [28] . A genetic algorithm [25, 26] has been utilized for identifying optimal control fields. However, very little theoretical work, especially in the context of optimal control theory, has explored the feasibility of molecular orientation in the single-cycle THz regime.
In this paper, we examine the attainable optimal degree of molecular orientation for a mixed-states thermal ensemble with linearly polarized near-single-cycle THz pulses at finite temperatures by extending a recently developed monotonically convergent optimal search algorithm-the twopoint boundary-value quantum control paradigm (TBQCP) [31] [32] [33] -within the framework of the density matrix formalism. The dc component of the control field is removed at each TBQCP search iteration with the aid of a bandpass filter [31] . An upper limit (optimal bound) for the degree of orientation can be identified, but it is difficult to know to what extent field-free orientation of a thermal molecular ensemble can be actually reached under various constraining conditions on the control fields. In particular, even though the orientation dynamics of a rigid rotor is controllable [28] , the maximum attainable yield may still fall short of the ideal optimal bound when (i) the correction is included, for example, to account for the centrifugal distortion associated with large rotational quantum numbers, and (ii) the available single-cycle THz pulses are not only short, but also contain no dc component. A main goal of this work is to examine the achievable orientation with the currently available single-cycle linearly polarized THz laser pulses [34] by performing very large-scale benchmark optimal control simulations.
The remaining parts of the paper are arranged as follows. Section II describes the rotational motion of linear molecules and the optimal control bounds. Section III presents the mixed-states TBQCP that is to be used for finding optimal control fields in all numerical simulations in this paper. Section IV discusses and analyzes the optimal bounds of field-free orientation of OCS molecules (as nonrigid rotors) in near-single-cycle THz pulses. Finally, a short summary is given in Sec. V.
II. ORIENTATION CONTROL OF LINEAR MOLECULES AND OPTIMAL BOUNDS
The time-dependent Hamiltonian H (t) of a linear molecule in the presence of a control field E(t) is
where H 0 is the field-free Hamiltonian and μ(t) is the molecular dipole moment vector. Considering the controlled linear dipolar molecule as a nonrigid rotor [35] , the corresponding field-free Hamiltonian is a diagonal matrix containing the energy levels denoted as ε j = Bj (j + 1) − Dj 2 (j + 1) 2 , where B is the rotational constant, D is the centrifugal distortion constant, and j is the rotational quantum number. In a linearly polarized control field, the coupling between the linear molecule and the control field can be denoted as − μ(t) · E(t) = −μ 0 E(t)cosθ , where θ is the polar angle between the molecular axis and the polarization vector of the laser field E(t) and μ 0 is the permanent dipole moment.
At temperature T , the evolution of a molecular ensemble is described by the time-dependent equation for the density matrix ρ(t), i.e.,
subject to the initial condition
where
denotes the Boltzmann distribution of the mixed states in the thermal equilibrium, with |j m being the rotational eigenenergy states associated with the rotational energy ε j , which is independent of the magnetic quantum number m, and k B is the Boltzmann constant. The molecular orientation can be defined in terms of the observable operator A = cos θ , and the time-dependent orientation A(t) = cos θ (t) is the expectation values of A at the time t, which may be expressed as
where U (t,0) is the time evolution operator associated with the control field E(t). In the following discussion, J denotes the largest rotational quantum number, i.e., 0 j J in the numerical calculations, and (J + 1) 2 is the total number of rotational energy levels.
For arbitrarily polarized laser fields, the time-dependent orientation A(t) for a chosen J is bounded by the relation [28, [36] [37] [38] A(t)
where the ω i 's and λ i 's are, respectively, the eigenvalues of
2 being the number of eigenvalues of the matrix A. Note that A has a zero trace, i.e., J j =0 j m=−j λ j 2 +j +m = 0, and (5), it can then be shown that, as J → ∞, the kinematic bound satisfies
independent of temperature, since the distribution of λ's becomes infinitely dense around 1 asymptotically.
A linearly polarized laser field will not couple states with different magnetic quantum numbers [28] . As a result, the orientation problem can be decomposed into subspaces with each labeled by the magnetic quantum number m = −J, . . . ,J . In particular, the density matrix ρ(t), the evolution operator U (t,0), and the orientation operator A = cos θ can be, respectively, cast in block matrix direct sums as follows: 
where |λ 6), it can be shown that the time-dependent orientation A(t) for linearly polarized control fields is bounded by the relation
where 1 >λ 
denotes the transition probability amplitude to the final rotational energy state |j m at the target time T , after evolving from the initial rotational energy state |jm at t = 0 within the m subspace. Equation (8) (within an undefined phase ϕ). From Eqs. (5) and (7), it is obvious that both the magnitudes of A kin and A lin increase with J and ultimately converge to unity as J → ∞. Furthermore, the ordered set
is equal to the partially ordered set (7), it is readily seen that for the same J value,
in which the equality holds for all J values when T = 0 and for J 2 when T > 0 K. In general, it is difficult to show to what extent the ideal optimal orientation bounds can be actually reached under various constraining conditions on the control laser fields. In particular, the issue of controllability using a single linearly polarized laser [28, 37] must be taken into account when the calculated optimal yield is smaller than the ideal optimal bound. In the next section, we describe a fast monotonically convergent searching algorithm (the TBQCP method [31] ) in the context of a mixed-states density matrix for finding optimal control fields and examining the optimal bounds which are numerically achievable in the presence of a near-single-cycle linearly polarized THz laser.
III. A MIXED-STATES TWO-POINT BOUNDARY-VALUE QUANTUM CONTROL PARADIGM
Consider the time-dependent equation for the density matrix ρ(t) of a quantum system interacting with a linearly polarized control field,
where H 0 is the field-free Hamiltonian, μ 0 is the permanent dipole moment, and θ is the polar angle between the molecular axis and the polarization vector of the laser field E(t). The time evolution operator U (t,0), associated with the control field E(t), satisfies the following Schrödinger equation:
In the presence of a linearly polarized laser, both the evolution operatorÛ and the time-dependent density matrixρ, respectively, can be further expressed in block-diagonal matrices aŝ
and
both containing uncoupled subblock matrices for different m values.
The goal of quantum optimal control algorithms is to quickly find a control field E(t), t ∈ [0,T ], that can steer the quantum system from an initial state ρ(0) to a final state ρ(T ) in a finite time T such that the expectation value O(T ) ≡ Tr {Oρ(T )} of the target observable O (for example, O ≡ cos θ for molecular orientation control) is as close to its admissible maximum value as possible.
To formulate a monotonically convergent algorithm for obtaining optimal control fields by extending a recently formulated fast monotonically convergent optimal control search algorithm-the two-point boundary-value quantum control paradigm (TBQCP) [31] [32] [33] -to mixed-states quantum optimal control problems, we introduce a timedependent Hermitian operator O(t) satisfying the invariant equation
with the boundary condition O(T ) = O (which is the target observable), associated with a reference control field E (0) (t). From Eq. (15), it can then be derived that the expectation Tr{O(t)ρ (0) (t)} is independent of time t, where the density matrix ρ (0) (t) is also associated with the reference control field E (0) (t) and satisfies the equation
From Eqs. (11) and (15), we derive the relation
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Integrating Eq. (17) leads to
which constitutes a nonlinear integral equation for the control field E(t). From Eqs. (17) and (20), a monotonically convergent iteration scheme can be readily obtained by choosing the control field E(t) according to the relation
where η (>0) is a positive constant and S(t) ( 0) is the shape function of the control field. It is then seen that substituting Eq. (21) into Eqs. (17) and (20) gives, respectively,
i.e., (21) forms a recurrence relation for the mixed-states two-point boundary-value quantum optimal paradigm (MS-TBQCP) that can be applied iteratively for refining the control field such that the targeted expectation O(T ) increases monotonically not only at each instant of time, but also throughout the iterations. All optimal control simulations in the following section (Sec. IV) have been carried out using the MS-TBQCP method presented above.
IV. RESULTS AND DISCUSSIONS
The linear molecule OCS is used as an example to investigate how the temperature affects field-free orientation control by means of near-single-cycle THz optimal control laser pulses. The OCS molecule has a rotational constant [39] , and a permanent dipole μ 0 = 0.709 D [40] . In general, the highest rotational quantum number J in the simulations needs to be increased with the temperature, as well as with the intensity of the control field. To assess the maximum attainable field-free orientation of the OCS molecule with intense (as long as it is not too strong, e.g., 0.01 a.u. [41] ) short THz pulses, optimal control simulations for various OCS nonrigid rotor models are performed for different J 's (here J = 60,70,80,90,100, since in practice the simulation can only be performed at some finite J values) according to the estimated initial state population distributions over the rotational energy levels (j J ) at various temperatures (here T = 0, 10, and 100 K). The optimal control fields generated from the simulations at these finite J 's are then used to compute 
FIG. 4. (Color online)
Optimal control results using the MS-TBQCP method: (a) and (b) are, respectively, optimal fields corresponding to J = 60 and 100, and the dashed line is the initial control field E (0) (t), which is a product of a Gaussian shape function (with a maximum amplitude equal to 10 −6 a.u., a full width at half-maximum equal to 1.5 ps, and peaked at t = 4.0 ps) and a cosine function cos 2πf t (with a carrier frequency f = 0. the field-field orientation at a much larger J (here J = 150) to show their validity.
In the calculations, we consider near-single-cycle linearly polarized THz control pulses. The pulse length of the control fields is fixed at T 1 = 8 ps, which is less than one-tenth of the OCS rotational period, which is 82 ps. To this end, all control fields are written in a product form: E(t) = S(t)F (t), where the shape function S(t) is chosen to be of the form
accounting for the near-single-cycle THz control pulses, and F (t) is an arbitrary function of time t. The target time T can be arbitrarily chosen as long as T T 1 such that the maximum of the orientation can be obtained in the field-free regime. However, in all simulations presented in the paper, T is chosen differently such that at each iteration T is made to coincide with the instant when the degree of field-free orientation reaches the maximum at the previous iteration; thus T converges as the final iteration is approached. For the OCS simulation, the ultimate maximum A sim of the field-free orientation occurs at a time nearly one rotational period after the pulse is terminated, i.e., T ≈ 87 ps. The maximum degree of orientation increases monotonically with the iteration.
The orientation process is in general controllable [28] when no constraints are placed on the controls. However, maximum orientation may still not be reached if the control pulse is too short (here T 1 = 8 ps, which is much smaller than the rotational period of the OCS molecule at 82 ps). To this end, we perform the optimal orientation control simulations for the OCS molecule (with J = 60) at the temperature T = 0 K for pulses of length equal to T 1 = 8,16, and 32 ps (no other constraints, including the frequency one, on the control pulses are imposed here). Figure 1 shows that the numerically simulated maximal orientation, A sim , after 2000 iterations, by a very short linearly polarized pulse (here T 1 = 8 ps), is less than the estimated upper bound A lin that can be readily achieved with a long linearly polarized pulse (here T 1 = 32 ps). Figure 2 presents the kinematic bound A kin (dashed curves) and the linear bound A lin (dotted-dashed curves) as a function of J at T = 0, 10, and 100 K, and the numerically simulated bound A sim (open squares) for J = 60, 70, 80, 90, 100 at T = 100 K. It is found that (i) the maximum attainable orientation increases as the number of rotational states increases; (ii) the kinematic bound A kin always lies above the optimal bound A lin ; and (iii) the simulation maximal yields A sim at T = 100 K are slightly smaller than their A lin counterparts. Figure 3 plots the simulation maximum orientation A sim , i.e., the maximum attainable average value of cos θ , as a function of iteration at T = 100 K for various J values ( A sim = 0.694 and 0.837 for J = 60 and 100, respectively, after 2000 iterations, compared to A lin = 0.768 for J = 60 and 0.910 for J = 100); the smooth convergent curves show the monotonic property of the MS-TBQCP algorithm. The inset shows the Boltzmann distribution of the initial populations at different rotational energy levels (i.e., as a function of rotational quantum number j ). It is seen that only the rotational energy levels with j 50 are significantly populated (i.e., >10 −3 ) at T = 100 K. Figures 4(a) and 4(b) depict, respectively, the optimized laser pulses, as a function of t, for J = 60 and 100 at T = 100 K. Plotted in Figs. 4(c) and 4(d) are the time-dependent orientation calculated for J = 150 using the optimal fields generated for J = 60 and 100, respectively, showing that these optimally shaped fields based on lower J 's can still render nearly maximum orientation attainable at a much larger J . Specifically, our simulations show that a larger J (here J = 100 compared to J = 60) results in a stronger optimal control pulse (amplitude ≈ 0.005 a.u. for J = 60 and ≈ 0.01 a.u. for J = 100) and a larger orientation (here cos θ = 0.714 and 0.837 for J = 60 and 100, respectively). Presented in Figs. 4(e) and 4(f) are the transition probabilities |c jm j m (T )| 2 , Eq. (9), between different initial and final rotational energy levels j and j (within the m = 0 subspace) at the target time T , showing that the resultant intense near-single-cycle THz pulses arising from both J = 60 and 100 simulations are able to excite a large number of rotational levels coherently to form a well-oriented wave packet at the target time.
V. SUMMARY
We have presented a detailed analysis of the maximum attainable field-free orientation of OCS molecules (treated as nonrigid rotors) with near-single-cycle THz laser pulses at finite temperatures. To perform the needed large-scale benchmark model simulations, including rotational states with the rotational quantum numbers up to J = 100, an efficient monotonically convergent algorithm for the mixed-states quantum optimal controls has been implemented, based on a recently developed TBQCP method [31] [32] [33] , to identify the desired optimal control pulses. It was shown from our large-scale ab initio optimal control simulations that a nearly maximal degree of field-free orientation of OCS molecules could be achieved by strong, optimally shaped near-singlecycle THz pulses, in agreement with the basic understanding of how the field-free orientation is created through the nonadiabatic process. The extensive numerical simulations performed at T = 100 K showed that the maximum attainable J -dependent orientation in the near-single-cycle THz pulse region is close to 92% of the corresponding optimal bounds that can be attained by arbitrarily long pulses. It is also found that a smaller amplitude for the optimal control field corresponds to a smaller J . This finding may underline the actual experimental performance of the field-free molecular orientation, since presently the amplitude of single-cycle THz pulses can only reach slightly beyond 20 MV/cm (≈0.0038 a.u.) in the laboratory [34] .
